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Abstract 

This paper is a sequel to We study a number of questions only touched upon in 
Jill in more detail. In particular: What is the relation between two birational compact 
hyperkahler manifolds? What is the shape of the cone of all Kahler classes on such a 
manifold? How can the birational Kahler cone be described? Most of the results are 
motivated by either the well-established two-dimensional theory, i.e. the theory of K3 
surfaces, or the theory of Calabi-Yau thrcefolds and string theory. 



1 Introduction 

Let X be a K3 surface and let a G //""^'^(X, R) be a class in the positive cone with a.C ^ 
for any smooth rational curve C. Then there exist smooth rational curves such that for 
the effective cycle T := A + ^ C X x X (where A is the diagonal) the class [r]=K(Q!) 
is a Kahler class. This is a consequence of the transitivity of the action of the Weyl-group 
on the set of chambers in the positive cone and the description of the Kahler cone of a K3 
surface due to Todorov and Siu (cf. ) . In higher dimension the following result was proved 



in 13, Cor. 5.2]: 



— Let X be a compact hyperkahler manifold of dimension 2n and let a G H^'^{X,M.) be 
a very general class in the positive cone. Then there exists another compact hyperkahler 
manifold X' and an effective cycle T := Z + "^Yi C X x X' of pure dimension 2n such that 
X ^ Z ^ X' defines a birational correspondence, the projections Yi ^ X, Yi ^ X' are of 
positive dimensions, and [r]*(a) is a Kahler class on X' . 

In this article we present a few applications of this result. In Sect. |2| we will show the 
following theorem: 

— Let X and X' be compact hyperkahler manifolds. If X and X' are birational then there 
exist two smooth proper morphisms A" — > S and X' ^ S with S smooth and one- dimensional 
such that for a distinguished point £ S one has Xq = X and Xq = X' and such that there 
exists an isomorphism X\g\^Qj = X'\s\[oj. 

In particular, X and X' are deformation equivalent and, hence, diffeomorphic. This imme- 
diately proves that the Betti numbers of X and X' coincide and, more precisely, their Hodge 
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structures are isomorphic. The result was proved in |lT| for projective hyperkahler manifolds. 
The proof given here is different even in the projective case. The fact about the Betti numbers 
also follows from a theorem of Batyrev Q and Kontsevich . They show that if X and X' are 
birational smooth projective varieties with trivial canonical bundle, then hi{X) = bi{X') (cf. 
[^) and their Hodge structures are isomorphic (cf. 0). For hyperkahler manifolds the above 
result proves that the cohomology rings of birational hyperkahler manifolds are isomorphic. 
This is no longer true for arbitrary Calabi-Yau manifolds. 

In Sect. ^ we give a description of the Kahler cone of a compact hyperkahler manifold very 
much in the spirit of the known one for K3 surfaces (Prop. [3.21) : 



— Let X be a compact hyperkahler manifold. A class a G H^'^{X,M.) is in the closure JCx 
of the cone of all Kahler classes if and only if a is in the closure Cx of the positive cone and 
a.C > for any rational curve C C X. 

The arguments applied to the K3 surface situation differ from the known ones in as much 
as they make no use of the Global Torelli Theorem. 

Any irreducible curve of negative self-intersection on a K3 surface is a smooth rational 
curve. In higher dimensions one can prove the following generalization (Prop. [5.31) : 



— Let C be an irreducible curve in a compact hyperkahler manifold X. If qx{[C]) < 0, then 
C is contained in a uniruled subvariety Y <Z X. 

Here, qx is the quadratic form on H^''^{X) = ff2n-i,2n-i^^-j introduced by Beauville and 
Bogomolov. Stronger versions of the result are conjectured in Sect. |5|. 

Due to the existence of birational maps between compact hyperkahler manifolds which do 
not extend to isomorphisms, one has in higher dimensions the notion of the birational Kahler 
cone. The birational Kahler cone of Calabi-Yau threefolds has been intensively studied, partly 



motivated by mirror symmetry, in |12, 14 1. Analogously to the description of the Kahler cone, 



but replacing curves by divisors, one has (Prop. |4 

— The closure of the birational Kahler cone is the set of all classes a € Cx such that 
qxict, [D]) > for all uniruled divisors D. 

The present article is the third version of a paper that had originally been prepared for 
publication in the proceedings of the conference on the occasion of F. Hirzebruch's 70th 
birthday in Warsaw 1998. As all results of this paper depend on the projectivity criterion 
Thm. 3.11 in whose proof in |11] is not correct, it has never been published. In the 



meantime the projectivity criterion for hyperkahler manifolds could be proved by using a 
new theorem of Demailly and Paun (see the Erratum in |[l^). So, all results of this paper 
are fully proved now. The second version of the article contained a number of basic facts on 
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the Beauville-Bogomolov quadratic form. They are of independent interest, but not directly 
relevant to the main results of the article. So we have decided to omit them in this version. 



Notations. In this paper a compact hyperkahler manifold is a simply connected Kahler 
manifold X such that H^{X,^'^j^) is spanned by an everywhere non-degenerate holomorphic 
two- form fj. Equivalently, it is a compact complex manifold that admits a Kahler metric with 
holonomy Sp(n), where dim(X) = 2n. If X is a compact hyperkahler manifold then there 
exists a natural quadratic form qx of index {?,,h2{X) — 3) on H'^{X,7j) with the property 
that qx{a)^ = fx Q^^" up to a scalar factor (cf. The positive cone Cx is the connected 

component of the cone {a G H^'^{X,R)\qx{a) > 0} that contains the Kahler cone ICx of all 
Kahler classes. 

The word "birational" is used even when the manifolds in question are not projective; what 
is meant in this case, of course, is "bimeromorphic" . I hope this will cause no confusion. 

Acknowledgement: I am grateful to Y. Kawamata for interesting discussions on the content 
of this paper. In particular, he pointed out an oversimplification in the proof of Prop. 2A in 
an earlier version. 



2 Birational hyperkahler manifolds 

Let f : X' — > X be a birational map of compact complex manifolds that induces an 

isomorphism on open sets whose complements are analytic subsets of codimension > 2. Then 
/* : H^{X,R) ^ H^{X',R) and /* : Pic(X) ^ Pic(X'), where (f*)-^ = (Z"^)*. 

If X and X' are projective and the pull-back f*L of an ample line bundle L on X is 
an ample line bundle on X' , then, obviously, / extends to an isomorphism X = X' . The 
analytic analogue was proved by Fujiki If X and X' are Kahler and the pull-back f*{a) E 
H'^{X',W) of a Kahler class a € H'^{X,W) is a Kahler class on X' , then / extends to an 
isomorphism X' = X. A slight modification of Fujiki's arguments also proves: 

Proposition 2.1 — Let f : X' > X be a birational map of compact complex manifolds 

with nef canonical bundles Kx and Kx', respectively. If a £ H'^{X,'R) is a class such that 
j^,a>0 and J^, f*{a) > for all rational curves C C X and C C X' , then f extends to an 
isomorphism X = X' . 

Proof. Let vr : Z ^ X be a sequence of blow-ups resolving /, i.e. there exists a commutative 
diagram of the form 

Z 

X' - - ^ X 
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The assumption that Kx and Kx' are nef imphes that / induces an isomorphism on the 
complement of certain codimension > 2 analytic subsets in X and X' and that any exceptional 
divisor Ei oi tt : Z ^ X is also exceptional for tt' : Z ^ X' . Recall, that there is a positive 
combination ^riiEi, i.e. G N>o, such that — ^ UiEi is 7r-amplc. 

Using the two direct sum decompositions H^{Z, M) = Tr*H'^{X, M)©0 R[Ei] and H'^{Z, M) = 
Tr'*H'^{X',R) ®^R[Ei], any class /? G can be written as Tr*/3 = tt'*/?' + 

where = /*^ and G R. 

Now let a' := f*{a), where a is as in the proposition. In a first step we show that all 
coefficients in 7r*a = Tr'*a' + ^ aj[-Ej] are non-negative. 

Assume that this is not the case, i.e. ai, . . . , < 0, a^+i, . . . , > for some k > 1. We 
can assume that — (ai/ni) = maxj=i (aj/nj)}. Let C" C -Bi be a general rational curve 
contracted under tt : Ei ^ X, which exists as the general fibre of it : Ei ^ X is unirational. 
As C is general, one has Ei.C' > for alH > 1 and hence 

-ELi ai{E,.C') < -T!1=i<E,.C') = -^n^{E,.C') + j:l,{~^)ni{E,.C') 

< {-'^)T.Un,{E,.C') < {-^^)Y!^^^n,{Ei.C') 

< 0. 

On the other hand, = ■K*a.C' = {tt'* a' +Yll=i ai[Ei]).C' > Yll=i ai{Ei.C'). Contradiction. 

Interchanging the role of a and a', one proves analogously Oj < for all i. Hence, Oj = 
for all i, i.e. 7r'*a' = 7r*a. 

In a second step, we show that for all exceptional divisors the two contractions tt : E ^ X 
and tt' : E ^ X' coincide. Assume that there exists a rational curve C C Ei contracted 
by TT, such that tt' : C ^ X' is finite. Since TT'*a = TT*a, this yields the contradiction 
< TT'*a'.C' = TT*a.C' = 0. Analogously, one excludes the case that there exists a rational 
curve C contracted by tt' with tt\c finite. As the fibres of tt'I^. and ttI^;. are covered by 
rational curves, this shows that the two projections do coincide. 

But if all contractions 7r|£:. and tt'Iej coincide, the birational map X' > X extends to 

an isomorphism. □ 

Note that the proposition in particular applies to the case where X and X' admit holo- 
morphic symplectic structures (e.g. X and X' arc compact hyperkahler manifolds), as in this 
case Kx and Kx' are even trivial. The same arguments also prove: 

Corollary 2.2 — Let f : X' > X be a birational map of compact complex manifolds 

with nef canonical bundles. If a G M) is a class that is positive on all (rational) curves 

C C X, then J^, /*(«) > for all irreducible (rational) curves C C X' that are not contained 
in the exceptional locus of f. 

Proof. Under the given assumptions the arguments above show that the coefficients 
in 7r'*a' = TT*a + ^Oif-E'i] are non-negative. If C C X' is an irreducible (rational) curve 
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not contained in the exceptional locus of /, then its strict transform C C Z exists and 
Ic «' = Ic' = Ic' (^*« + E a^Ei) > (Y: aiEi) > 0. □ 

For completeness sake we recall the following results [11, Prop. 5.1, Cor. 5.2]: 

Proposition 2.3 — Let X he a compact hyperkdhler manifold and let a S H^'^{X,'R) be a 
very general element of the positive cone Cx- Then there exist two smooth proper families 
X S et X' ^ S of compact hyperkdhler manifolds over an one- dimensional disk S and 

a birational map f : X' > X compatible with the projections to S, such that f induces 

an isomorphism ^'|5'\{o} — '^i5\{o}' special fibre Xq is isomorphic to X, and f*a is a 
Kdhler class on Xq. □ 

As S is contractible, H^{X,R) ^ H^{X,R) and f*a G H'^{X',R) = H^{X^,R). U X ^ 
Z ^ X' resolves the birational map /, then /*a = [r]*(a), where P = im(2o ^ Afo x Afg). 

Corollary 2.4 — Let X be a compact hyperkdhler manifold and let a € Cx be a very general 
class. Then there exists a compact hyperkdhler manifold X' and an effective cycle P = 

Z + C X X X' , such that X ^ Z ^ X' defines a birational map X' X, 

[P]* : H*(X) = H*{X') is a ring isomorphism compatible with qx and qx' , and [P]*(a) is a 
Kdhler class on X' . □ 

By definition, the very general classes in the positive cone Cx are cut out by a countable 
number of nowhere dense closed subsets. In fact, it suffices to assume that qx{a,(3) 7^ for 
all integral class ^ (3 G H'^{X,Z). Note that there is a slight abuse of notation here. The 
component Z in P really occurs with multiplicity one, whereas any other component Yi may 
occur several times in X^li. Of course, the components Yi correspond to the exceptional 
divisors of the birational correspondence X <— Z ^ X'. 

The main result of this section is the following 

Theorem 2.5 — Let X and X' be compact hyperkdhler manifolds and let f : X' > X 

be a birational map. Then there exist smooth proper families X ^ S and X' ^ S over a 
one- dimensional disk S with the following properties i) The special fibres are Xq = X and 

Xq = X' . a) There exists a birational map f : X' > X which is an isomorphism over 

S \ {0}, i.e. f : <-f'|s'\{o} — -^Isxio}; '^''^d which coincides with f on the special fibre, i.e. 
fo = f. 



This generalizes a result of [11|, where X and X' were assumed to be projective. In an 
earlier version |10| of this result we had moreover assumed that X and X' are isomorphic in 
codimension two. The projective arguments in the previous proofs, e.g. comparing sections 
of line bundles on X and X' , are here replaced by arguments from twistor theory. 

Proof. Let a G H^'^{X,R) be a class associated with a very general a' G Cx' such that 
C.a' > for all (rational) curves C C X' , e.g. a very general a' G }Cx'- Thus, a is a very 
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general class in Cx and, hence, there exist two morphisms X ^ S , X' ^ S as in Prop. 2.3. 
It suffices to show that X^ = X' and that under this isomorphism /o and / coincide. 

The cycle T := im(2^o ^ -'^ x JYq) decomposes into T = Z + "^Yi, where the Yi C X x Xq 
correspond to the exceptional divisors Di of X <^ Z ^ X' and X ^ Z Xq is a. birational 
correspondence. If the codimension of the image of -D, under n' : Di ^ Xq is at least two in Xq, 
then [Yi\^ : H'^{X) H'^{X^) is trivial. If this is the case for ah i, then [3 := [T]^{a) = [Z]^{a). 

Hence, in this case, under the birational correspondence Xq ^ Z ^ X > X' the class 

a' on X' is mapped to the Kahler class (3 on Xq. Prop. 2.1 then shows that the birational 
map Xq > X' can be extended to an isomorphism. Clearly, /o corresponds to /. 

Thus, it suffices to show that for all exceptional divisors Di the image 7r'(Dj) C Xq has 
codimension at least two. 

Let Di,... ,Dk be those exceptional divisors for which 7r'(Dj) C Xq is of codimension 
one. We will first show that also 7r(Z)i), . . . ,7r(Dfc) C X are of codimension one. In fact, 
T^{Di) d Xq is a divisor if and only if Tr'{Di) C Xq is one. In order to prove this, we 
use that up to a non-trivial scalar TT*a\Di ~ where a and a' are non-trivial two- 

forms on X and Xq. Hence, for any point z ^ Di the homomorphisms 7r*cr : T£,.[z) 
Tx{7r{z)) ^ nx{7r{z)) ^ no^z) and tt'V : Td^{z) ^ T;,,{7r'{z)) ^ l^;f^(vr'(z)) -^n^^iz) 
coincide. If, for instance, codim(7r(Z)j)) = 1, then dim(ker(TD. (z) Tx{z))) = 1 for z ^ Di 
general and, therefore, dim(ker 7r*o") < 2. Hence, dim(ker 7r'*cr') < 2. This yields that 
codim(7r'(A)) = 1 or ker(TD,(z) Tx{-n{z))) C ker(TD^(z) ^ Txi^{i:' {z))) , but the latter is 
excluded, for the general fibre of vr : ^ X is not contracted by vr'. (In fact, this is only 
true for those divisors Di on which vr and vr' differ, but if they do not differ, then of course 
codim(7r(L)j)) = codim(7r'(Z)i)).) 

Next, choose general irreducible (rational) curves Ci <Z Di (i = 1, . . . , A;) contracted under 

it' : Di ^ Xq. As the exceptional locus Sing{f^^) of the birational map /^^ : X > X' 

is of codimension at least two and Ti{Di) C X is a divisor, the image vr(Ci) will not be 
contained in Sing{f~^). Moreover, we can assume that the Cj's (i = 1, . . . ,k) do not meet 
Dj for j > k. This follows from codim(7r'(Dj)) > 2 for j > k. Now, use i7^(2,M) = 
TT*H'^{X,R) e ©M[A] = TT*T{S,H^{X,R)) 0M[A] and H'^{Z,R) = 7r'*H^{X',R) 
0M[A] = TT*T{S,H^{X^,M)) ©M[A] and write TT*a = Tr'*f3 + ELiO^A], where a € 
T{S,H^{X,m)) and p E T{S, H^{Xl),R)) are the constant sections a and (3 := [r]*(a). As 
in the proof of Prop. |2.1j one shows that /? Kahler implies > 0. Also note that there 
exists a positive linear combination Yli=i "^i^i which is vr'-negative. We may assume that 
(oi/mi) = maxj=i^ ^fc{(aj/mi)}. Using Cor. 2.2 all this yields the contradiction 



0<^*a.Ci = (7r'*/3 + Et,a,A).Ci = 

= Eti«.(A.Ci) < 

= ^Eti"i.(A.Ci) = 

< 



Y.U<Di.C,) 

^mi(Di.Ci) + f^Et2"^KA.Ci) 
^(ELi"^^A).Ci 
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Hence, the varieties n'^Di) C Xq are all of codimension at least two. □ 

Note that there are two kinds of rational curves in the proof. Those, that sweep out a 
divisor in Xq and those that a priori do not. The former correspond to the general fibres of 
the projection Di ^ X of an exceptional divisor, such that 7r'(L'j) C *%'o is a divisor, and the 

latter ones to those that are created by the birational correspondence > X' itself. 

In Sect. ^ we will see that if a is positive on all rational curves, then it is automatically a 
Kahler class. The same idea proves that the positivity of a on all rational curves that sweep 



out a divisor is sufficient to conclude that a is in the "birational Kahler cone". In Sect. 4.2 
this is phrased by assuming a to be positive on all uniruled divisors. 
As mentioned in the introduction the theorem immediately yields 

Corollary 2.6 — Let X and X' he birational compact hyperkdhler manifolds. Then the 
Hodge structures of X and X' are isomorphic. In particular, Hodge and Betti numbers of X 
and X' coincide. Moreover, H*{X,'Z) = H*{X',Z) as graded rings. □ 



Corollary 2.7 — Let X and X' be birational compact hyperkdhler manifolds of dimension 
2n. Then there exists a cycle r = Z + ^yicXxX' of dimension 2n, such that 

i) The correspondence X' ^ Z ^ X is the given birational map X' > X. 

a) The correspondence [F]* : H*{X,7j) = if*(X',Z) is a ring isomorphism and [T]^ and [Z]^, 
coincide on H'^{X,'L). 

Hi) The isomorphism [F]* is compatible with q, i.e. qx'{\^]*{ )) = qx[ )• 

iv) The isomorphism \r]^ is an involution, i.e. \^]*\^]* = id. □ 



3 The Kahler cone 

Let us recall the precise definition of the Kahler cone of a compact Kahler manifold. 

Definition 3.1 — For a complex manifold X the Kahler cone ICx is the set of all classes 
a G H^'^{X,R) that can be represented by a closed positive (1, l)-form. 

Obviously, any ample line bundle L on X defines a class ci(L) in ICx- Thus, the ample 
cone, i.e. the cone spanned by all classes ci(L) with L ample, is contained in fCx- On the 
other hand, if X is projective of dimension m and the canonical bundle Kx is trivial, then a 
line bundle on X is ample if and only if c^{L) > and J^, ci(L) > for any curve C C X 
(cf. ||ll|. Prop. 6.3]). In other words, the ample cone can be completely described by these 
two conditions. For the case of a compact hyperkahler manifold (not necessarily projective) 
there is a similar description for the Kahler cone ICx- 

Proposition 3.2 — Let X be a compact hyperkdhler manifold. A class a € M) is 

contained in the closure ICx of the Kahler cone Kx C //^'^(X, M) if and only if a & Cx and 
a > for any rational curve C C X . 
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Proof. Let a G ICx- Then, obviously, J^a > for any curve C C X and, since JCx C Cx, 
also a G Cx- 

Now let a G Cx and a > for any rational curve C C X. If a; is any Kahler class, 
then a + eu) £ Cx and J^ia + euj) > 0. For uj and e general, a + is general as well and 
ii a + euj G /Cx for to general and e small, then a G /Cx- Thus, it suffices to show that any 
general class a G Cx with j^a > for any rational curve C C X is actually Kahler, i.e. 
contained in /Cx- 

The proof of |2.5| shows that for such a class a there exists a birational map X ^ -^o ; 



such that a corresponds to a Kahler class on Xq. By Prop. 2.1 this readily implies X = Xq 
and, hence a G /Cx- (The situation corresponds to the trivial case X = X' m the proof of 

□ 

A weaker form of the following result was already proved in |ll|. Cor. 5.6]. 

Corollary 3.3 — Let X be a compact hyperkdhler manifold not containing any rational 
curve. Then Cx = /Cx - 1^ 

The proposition can be made more precise: If a G dICx, then a G dCx, i-e. qx{ct) = 0, 
or there exists a class 7^ /3 G H^'^{X,1,) othogonal to a. This follows from the remark 
after Cor. \2.4\ . If neither qx{a) = nor qx{a,P) = for some 7^ /? G H^'^{X,7,), then a 
is already general and the above proof applies directly to a (without adding euj) and shows 
a G /Cx- We therefore expect an affirmative answer to the following 

Question — Is the Kahler cone ICx of a compact hyperkdhler manifold X the set of classes 
a G Cx with a > for all rational curves C C X ? 

In dimension two this can be proved: 

Corollary 3.4 — Let X be a K3 surface. Then the Kahler cone ICx is the set of all classes 
a G Cx such that j^a > for all smooth rational curves C C X . 

Proof. Let C be an irreducible rational curve. Then > or C is smooth and = —2. 
Let a G Cx- If > 0, then a.C > 0. Hence, the proposition shows /Cx = {a G Cx\a-C > 
for every smooth rational curve}. It suffices to show that for every class a G dICx H Cx 
there exists a smooth rational curve C with a.C = 0. Let {Cj} be a series of smooth 
irreducible rational curves, such that a.Ci 0. Let ai = 0,02--- - ,020 be an orthogonal 
haseof H^'^{X,R). We can even require oi^^-^ — —1 and a^.a^^j — 0. For the coefficients of 
[Ci] = XiO + fJ'ijCtj one then concludes Aj — and ^ fifj 2. Thus, the set of classes 
[Ci] is contained in a compact ball and, hence, there is only a finite number of them. The 
assertion follows directly form this. □ 

Of course, the result is well-known, but the original arguments are based on the Global 
Torelli Theorem, which seems, at least at the moment, out of reach in higher dimensions. 
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The above proof shows that it would suffice to find a lower bound for qx{[Ci\) for all rational 
curves Cj such that a ^ 0. This should also shed some light on the question whether 
dlCx is, away from dCx, locally a finite polyhedron. 

Note that also for the two other classes of compact Kahler manifolds with trivial canoni- 
cal bundle, compact complex tori and Calabi-Yau manifolds, there exist descriptions of the 
Kahler cone similar to the one for hyperkahler manifolds presented above. E.g. for a Calabi- 
Yau manifold X the closure of the Kahler cone K,x is the set of all classes a G H'^{X, M) such 
that Jj^ a™" > and J(~,a >0 for all (not necessarily rational) curves C C X. This is due to 
the fact that on a Calabi-Yau manifold the ample classes span the Kahler cone. 



4 The birational Kahler cone 

Let X be a compact hyperkahler manifold and let f : X X' he a birational map 

to another compact hyperkahler manifold X' . Via the natural isomorphism H^'^(X' ,W) = 
H^'^{X, R) the Kahler cone K-x' of X' can also be considered as an open subset of H^'^ {X, M) 



and, due to |11, Lemma 2.6], in fact as an open subset of Cx- The union of all those open 



subsets is called the birational Kahler cone of X. 

Definition 4.1 — The birational Kahler cone BK-xis the union U/ x »x' where 

f : X > X' runs through all birational maps X > X' from X to another compact 

hyperkahler manifold X' . 

Note that BICx is in fact a disjoint union of the f*{JCx'), i.e. if /*(/Cxi) and /K/C^a) have 
a non-empty intersection then they are equal, and that BICx is in general not a cone in Cx- 
As it will turn out, its closure BICx is a cone. Notice that this is far from being obvious. 
E.g. if X and X' are birational compact hyperkahler manifolds and a and a' are Kahler 
classes on X and X' , respectively, there is a priori no reason why every generic class a" 
contained in the segment joining a and a' should be a Kahler class on yet another birational 
compact hyperkahler manifold X" . In this point the theory resembles the theory of Calabi- 
Yau threefolds |]l2[ . The aim of this section is to provide two descriptions of BICx (or rather 
its closure) similar to the two descriptions of ICx given by Def. ^ and Prop. |3.2| . 



We begin with a geometric description of the birational Kahler cone analogous to 3.2. Here 
the rational curves are replaced by uniruled divisors. 

Proposition 4.2 — Let X be a compact hyperkahler manifold. Then a € H^'^{X,'K) is in 
the closure BICx of the birational Kahler cone BICx if o-nd only if a £ Cx and qxict, [D]) > 
for all uniruled divisors D C X. 

Proof. Let a £ BICx and f : X' > X he a birational map such that f*{a) G ICx'- 

By [|ll|. Lemma 2.6] for any divisor D C X we have qx{a,[D]) = qx'{f*a, f*[D]). Since 
f*a G ICx' and f*[D] = [f*D] is effective, qx{oi, [D]) > 0. Hence, any a £ BICx is contained 
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in Cx and is non-negative on any effective divisor D C X and, in particular, on uniruled 
ones. 

For the other direction, let a G Cx be a general class with qx{a, [D]) > for all uniruled 
divisors D d X. We will show that a € BICx- This would be enough to prove the assertion. 



Using Prop. O we find an effective cycle r = Z-|-^liCXxX', where X' is another 

compact hyperkahler manifold, Z defines a birational map f : X' ^ X, and [r]*(a) € 

JCx'- It suffices to show that [r]^,(a) = [Z]*(a) = f*a. Clearly, if iriYi) C X is of codimension 
at least two, then [5^]* (a) = 0. Here, it : Yi ^ X and n' : Yi ^ X' denote the first and 
second projection, respectively. 

Assume that li,... ,1^ are those components with 7r(li) C X of codimension one (or, 
equivalently vr'(l^) C X' of codimension one, as was explained in the proof of p.5D and 
A: > 0. Firstly, we claim that EtiM*(Etik(^i)]) = " Eti ^ik'(^i)] with b', > 0. In 
order to see this, recall that F = Z + ^ 1^ is the special fibre Zq oi Z ^ S. Hence, 
Oz{T)\r is trivial and, therefore, 02{—J2^)\Cj — Oz{Z)\cj-, where Cj is a generic fibre of 
-k' : Yj ^ X' . As Yj meets, but is not contained in Z, this yields deg{Oz{Z)\cj) > and 
hence -T^=,(Y,.C,) > 0. But now E •=iK]*(Etik(^.)]) = E .tilEtiC^.-^^.))^'!!^)] 
and we define b'j := -J2i=i0^i-Cj) > 0. Analogously, one has Ei=i[^i]*(Ei=ik'(^i)]) = 
— '^i=ibi[iT{Yi)] with bi > 0. Then, the assumption on a and the property [F]*(a) G ICx' 
yield the following contradiction 

= gx'([r].(a), [ZUE■=MY^)]) + (E-=i[^^]*)(Etik(^0]) 

= 9x'([F].(a),Eti[vr'(y.)])-9x'([F].(«),Eti^avr'(y,)]) 
<9x'([r]*(a),Eti[vrTO]) 

= Qx{a, EtiHm + Qx{a, (EtiM*)(Etik'(l^.)])) 
<Qx{a,Zti[Am- 

Here we use that vr(Kj) is uniruled, as it is a component of the exceptional locus of the 
birational map X' ^ Z ^ X. Indeed, any exceptional divisor Di oi tt : Z ^ X is also 
exceptional for tt' : Z ^ X' . If the two projections on Di differ then the images under vr and 
tt' are uniruled. If the two projections on Di are generically equal, than the image vr(Z)j) is 
contained in the uniruled image of an exceptional divisor for which this is not the case. But 
in our case the dimension of 7r(l^), i = 1, . . . , A; is already maximal. □ 

Corollary 4.3 — If X is a compact hyperkahler manifold not containing any uniruled divi- 
sor, then BJCx is dense in Cx- D 

In order to obtain a description of the birational Kahler cone analogous to the definition(!) 
of JCx (cf. |3.1|), we need the following 
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Lemma 4.4 — Let X be a compact Kdhler manifold of dimension N. A class a G H^'^{X, M) 
can be represented by a closed positive (1, l)-current if and only if J 07 > for all classes 
7 € H^~^''^~^{X,'K) that can be represented by a closed 2N —2- form whose {N —1, N —l)-part 
is positive. 

Proof. A (1, l)-current is a continous linear function T : A^~^'^~^{X)r R. It is called 
positive if r(7) > for any positive form 7 G A^~'^^^'^{X)u. Recall that a{N-l,N - 1)- 
form is positive if and only if it locally is a positive linear combination of forms of the type 
iai A ai A ... A iajy-i A on-i, where the a^'s are (l,0)-forms. Note that in Def. 3A we 
used 'positive' in the sense of 'strictly positive'. A (1, l)-current T : A^^^'^^^{X)r — > M is 
closed if its extension by zero to a linear map A'^^~'^{X)k ^ M is trivial on all exact forms. 
Note that a priori it does not suffice to show that the (1, l)-current is trivial on all exact 
(A^-l,iV-l)-forms. 

The idea is to construct first a continous linear function Tq on all {N — 1,N — l)-forms 
^Ar_i,Ar_i^ where ^^-L^-i is the {N -1,N - l)-part of a closed (2iV - 2)-form 7. This 
To shall have the properties: i) T(){'y^~^'^~^) = for any exact (2A^ — 2)-form 7 and ii) 
^0(7^^^'^ "*^) ^ for any that is in addition positive. This To will then be 

extended to a closed positive (1, 1)- current. 

The extension argument uses the following general result Ch. II]: Let A be a topological 
vector space, B C A a subspace and C C A a convexe cone, such that C n (— C) = and 
Bn 0. Then, any continous linear function Tq : B ^M. with TqIbhc ^ can be extended 
to a continous linear function T : A ^ R with T\c > 0. 

In our situation we let A := A^-^^^-\X)k/ {{dr])^-^^^-^ \ r] G A^^-^{X)k} and C be the 
image of the convexe cone of all positive forms in A^^^'^^^{X)^. Clearly, C is again a convex 
cone. In order to see that C n (— C) = 0, one argues that for 71, 72 G A^~^'^~^{X)^ positive 
with = —72 in A, one has < / 710; = f {{dri)^~^''^~^ —72)"^ = / {dr] — ^2)^ = — f 72"^ < 
for some rj G A'^^~^{X)^, where a; is a Kahler form. Thus, / 71 cj = f 720; = and, since lo 
is an inner point of the cone of all positive forms in A^'^{X)k, this implies 71 = 72 = 0. Last 
but not least, if B := {7^"!'^"^ g A \ d{'~^) = 0} then B n C contains uj^~'^, which is an 
inner point. 

Therefore, in order to construct the closed positive current representing a class a G Cx 
one has to define Tq : i? — > M such that Tq is non-negative on B CiC. The obvious choice is 
^N-i,N~i J ^N-i,N~i^ _ J which only depends on the cohomology class of a as long 
as 7 is closed and a is a closed (1, l)-form representing its cohomology class. It is well defined 
on B, because f 07^"^'^"^ = for all exact 7. It remains to show that J 07 > for any 
positive -y^^i.^-i g A^^^''^^^{X)r with d{'~f) = 0. But this is ensured by the assumption. □ 

In analogy to the definition of JCx we can now prove the 

Proposition 4.5 — Let X be a compact hyperkdhler manifold. The closure BKLx of the bira- 
tional Kdhler cone BICx is the set of alia G H^^'^{X,R), such that a{aa)'^-'^ G //^"-^'^"-^(X, M) 
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can he represented by a closed (4n — 2)-form whose (2n — 1, 2n — l)-part is positive. 

Proof. Assume that a £ BJCx, but that a(cra-)""^ G H^'^-'^^^'^-\X,R) cannot be repre- 
sented by a closed (4n — 2)-form with positive (2n — 1, 2n — l)-part. Since the set of classes 
7 G M) that can be represented by such forms is convex, there exists a class 

P G H^'^i^Xj'K), which is positive on those but negative on a{aa)^~^. Due to the above 
lemma /? can be represented by a closed positive (1, l)-current. 

Let f ■ X' > X he a birational map from another compact hyperkahler manifold X' . 

Then also /*/? can be represented by a closed positive (1, l)-current (cf. j^) and, therefore, 
f*P is positive on ICx' with respect to qx'- Hence, /3 must be non-negative on BICx, which 
contradicts qx{a,l3) = f a(3{o-a)"'^^ < 0. 

On the other hand, if a{aa)''^^^ can be represented by a closed (4n — 2)-form with positive 
(2n — l,2n — l)-part, then /^a(crcj)"^^ > for all divisors D C X. Prop. ^ then in 
particular yields a G BJCx- D 



Remark 4.6 - It might be that in Lemma iA it suffices to test the class a on those 7 that 
can be represented by closed positive (A^ — 1,N — l)-forms. The result in Prop. 4^ would 
change accordingly. 



Corollary 4.7 — The closure of the birational Kdhler cone BICx is dual to the cone of 
classes a G H^'^{X,'K) that can be represented by closed positive (1, l)-currents. □ 

5 Curves of negative square 

For K3 surfaces it is well-known that an irreducible curve with negative self-intersection is a 
smooth rational curve. As the quadratic form qx on an arbitrary higher-dimensional compact 
hyperkahler manifold is replacing the intersection pairing, one may wonder whether curves 
(or divisors) of negative square also have special geometric properties in higher dimensions. 

First note that the quadratic form qx on i/^'^(A) for a compact hyperkahler manifold 
X also induces a quadratic form on i7^"^^'^"^^(A), also denoted by qx. Here, one can 
either use the natural duality isomorphism H^'^[X) = //2n-i,2n-i^j^-jv ^j. ^.j^g isomorphism 
L : H^''^{X) ^ H^n-i,2n-i^x) given by taking the product with (cTa)""\ where 7^ a G 
H^{X, ^x)- Thus, we can speak of curves C C X with square qx{[C]). For curves of negative 
square Prop. ^]2| yields: 

Proposition 5.1 — Let X be a compact hyperkahler manifold and C C X be a curve with 
qxi[C]) < 0. Then there exists a class a G Cx und an irreducible rational curve C <Z X such 
that a.C < and a.C < 0. 
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Proof. Let /3 := L-\[C]). Then, qxiP) = qxi[C]) < 0. If 7 G ICx, then qxi7,f3) = Jcl > 
0. Therefore, the class a := (7 — {2qx{'y,/3)/qxiP))(3) satisfies j^a = qx{a,(3) = — 7.C < 0, 
Qx{ct) = Qxi'y) > 0, and qx{ci,^) > 0. Thus, the class a is contained in the positive cone Cx, 
but a ^ ICx- By 3.2 there exists an irreducible rational curve C C X, such that q.C" < O.D 



Corollary 5.2 — In particular, if there are no irreducible rational curves of negative square 
in X , then all(!) curves have non-negative square. □ 

Also, if H'^^~^''^"-^^ {X , Q) = Q[C], where C C X is of negative square, then there exists a 
rational curve C C X with Q[C"] = Q[C]. This (and the deformation theory of hyperkahler 
manifolds) suggests an affirmative answer to the following 

Question — Let C C X be an irreducible curve in a compact hyperkahler manifold X 
with qxi[C]) < 0. Does there exist a rational curve C C X such that Q[C] = Q[C"] in 

Something slightly weaker can in fact be proved: 

Proposition 5.3 — Let C be an irreducible curve in a compact hyperkahler manifold X. If 
qx{[C]) < 0, then C is contained in a uniruled subvariety Y C X . 

Proof. As in the previous proof one finds a very general class a € Cx with a.C < 0. 



Therefore, there exist two families X ^ S and A" — > S" as in Prop. 2.3. Let X Z ^ X' 
be a birational correspondence induced by the isomorphism '^|5\{o} — '^'ls'\{o}- the 

exceptional locus of the birational map X > X' is uniruled {K^ and K^' are trivial), 

it suffices to show that C C X = Afg is in the exceptional locus X <— Z ^ X' . If not, the 



strict transform C C Z of C exists and a.C = Ti*a..C = {ir'^a' + ^ai[Di\).C (cf. Cor. 2.2). 



Here, we use the notation of the proof of Thm. |2.5| , i.e. the DiS are the exceptional divisors 
of Z ^ X, ctQ = a' is a Kahler class on Xq, and the coefficients Oj's are positive. This yields 
the contradiction: > a.C = ir'*a'.C + Yl ai{Di.C) > 0. □ 



If one could replace uniruled by unirational in Prop. |5.3| , we would obtain Q[C] = Q[X^ OiQ], 



where the Cj's are rational curves, but the G Z might be negative (cf. |13| 



Analogously to Prop. 5.1 one can use the description of the birational Kahler cone (Prop. 



4.2) to prove: 



Proposition 5.4 — Let X be a compact hyperkahler manifold and let D C X be an effective 
divisor such that qx{[D]) < 0. Then there exists a class a € Cx and a uniruled divisor 
D' C X .such that qx{ct, [L>]) < and qxice, [D']) < 0. In particular, if X does not contain 
any uniruled divisor then there does not exist any divisor D C X with qx{[D]) < 0. □ 
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